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jon and patrolling algorithms

Objective: Detection/estimation of an evolving 2D boundary

Motivation:
= Demarcation of hazardous environments
= Validation of oceanographic/atmospheric models

= Delimit areas with abrupt changes of temperature
= Establish the front of a highly-pollutant expanding substance

Challenges:
= How to devise a decentralized scheme (no fusion center)

= Sudden events require event-driven coordination algorithms
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Event-driven robotic networks

An event-driven control and communication law ECC
is defined for a robotic network & = (I, R, Ecmm)

Recall that S = (I, R, Ecmm) has physical components
w I ={1,...,n}, the set of UIDs for the robots
n R = {RlU} = {(X,U, Xo, f)}, group of mobile robots

8 By communication edge map

Here, & > (I, Beum) topology of communication graph,
, a proximity graph; e.g. a geometric graph

Event-driven control and communication law

Note the differences between
an event-driven and a synchronous CCL:

| No common time schedule
for robots to send/receive msgs or update their states

B The function msg-gen is replaced by
the tripplet (msg-trig, msg-rec, msg-gen)

B The function stf is replaced by the pairs (stf-trig, stf.)

| The control function depends only upon current robot position

Event-driven control and communication law

communication alphabet A including the null message

processor state space W, with initial allowable W/
message-trigger function  msg-trigh: XUxW!—{true, false}
msg-genl - XU s Wl 5 1 — A
msg-rectl: X1 Wl A x 1w

message-gen function

message-recept function

state-trans trigger functs  stf-trigl:XUx W {true, false}

state-trans functions st X1 5wt tid

control function ctl: XU wll - gld

Event-driven control and communication law

Executions: Only when an event happens,
an agent sends/receives a message or updates its state.

The trigger functs check these constraints acting as guard maps

Movo - Updat physicalsate




Event-driven robotic networks — formal execution

Evolution of (S,£CC)
with dwell time 6 € Ry and ol € X1, wll e Wil i e 1,
are 2l : Rxo — X1, and wll : Rug — WU, i € I, such that
@ll(t) = (), et (21(2). wl (1)),
wll(t) =0,

with 211(0) = 27 and wl1(0) = wll, i € I, and such that
I. fori € I and t; € R, msg generated by 4, received by j are

V(1) = msg-gent (211(11), wll(t1), 7).
wh(t1) = msg-rec (20(t), lim wlI(t), 47 (11),4),
oty

if msg-trigl!(«1(t1), wl(t1)) = true and agent i has not
transmitted any message during the time interval Jt; — &, t1[ N Rso.
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Event-driven robotic networks — formal execution

TL. for every i € I, k € {1,.... K1} and t; € Rug the state-transition

function stfl! is executed, that is,

wll(tz) = stil («1(t5), lim wi(2)).

[t
if sti-trigl] («1(t,), wl(1,)) = true and there has been no
execution of stff during the time interval ]t — 6, t2[ N Rso.

Planar boundary interpolation by inscribed poly.

Given @ C R? a simply connected set or a body,
How can we concisely describe Q7 use approximating polygons
Critical inscribed polygons for convex bodies
 Consider the symmetric error metric
55(C.B) = p(CUB) — u(CN B).
where yu is the Lebesgue measure on R2
Let Q,n € Q be an inscribed polygon with vertices {1, .., qm}
Let s; € [0,27] be such that q¢; = 4(s;), for j € {1,...,m
Then, Q,, is a critical point of 8% if and only if

o(7'(55)) X (@j1 — gj—1) = 03, forall j € {1,...,m},

where o = gm, qm+1 = @ and ¢ : R? — B3 is the natural inclusion




ar boundary interpolation by inscribed polygons
An illustrative example

Consider the convex body

Then, critical inscribed polygons are:

But the last critical polygon is a saddle

Adaptation to non-convex boundaries as follows:
Let ¢; = Yare(:) and q; = Yare(g;). With g; < g, then
os

Desrianet) = [ (0 e,

L(gi,q) = 0j — 0i-

are positive only when 9@ is transversed counterclockwise from g; to q;
For A € [0, 1], define the pseudo-distance Dy between g; and g; as

Da(gis gi+1) = NDeurvature(ais 45) + (1 = N)L(gi, git1)-

Interpretation:
~1 > method of empirical distributions
A~ 0 - equal division of boundary
Ae(0,1)  — midway approximation

Planar boundary interpolation by inscribed polygons
v . BE=)

» Asymptotic formula of McClure and Vitale
Let p be curvature radius and kap,s curvature of the boundary
Suppose that 9Q is of class C? with ks > 0. Then

n25%(Q. ) = 5 ( " o0yt

Method of empirical distributions

Yare(0) arc-length parametrization of 9Q

Ypolar (f). polar variable parameterization, of 9Q
Let g1....,¢m such that ¢; = Yarc(0;) and ¢; = ¥(6;), for
i€ {L,....m}. Then, take the ¢; so that

lim

001 0:
/ p(0)*/2do s/ p(0)*/3do
LA 1
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Network model

From now on, @ is a body with differentiable boundary 9Q

Robotic Network:
Sindry = (I, R, B ). with I = {1,....n}, where

(9Q, [~ Vmin: Ymax], 9Q, (0, €)),

m e vector field tangent to dQ (counterclockwise motion)

8 Eeg s the ring graph or the Delaunay graph on 9Q

Assume also that
= unit speed is admissible; Le. 1 € [~0min, Umax]

m Each robot can sense its own location plfl € 9Q, i € T
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Boundary e
Overall nj, interpolation points are used to approximate 9Q
Thus, a robot’s processor state component is gl € (R2)"», for i € I

Boundary estimation task
Ty + (0Q)" x ((B2)")" — {erue, false} for Spuary is

Topmary (P, - oI g, o Iy = true  if and only if

[Pa@Lr o) = DAl ) <2 @€ (L) and i€ 1.

Agent equidistance task To.oqastne : (0Q)" — {true, false} is true
[t =1, ptTy — £(pl, pl+ )| <&, foralli e 1,

where £ is the counterclockwise arc-length distance along 9Q.

Estimate update and cyclic balancing law

We will present this event-driven law incrementally
u Single robot estimate update law
u Cooperative estimate update law

m Cyclic balancing algorithm for agent equidistance task

Single robot estimate update law

Describes the single-robot operation “projection-and-update”




Processor state of robot i € I

B a counter nxt € {1,...,m;,}
index of interpolation point the agent projects

B a boundary representation
{(garva) € (B2 [ € {1, mip} ),

here g, is the position of the a int. point
and v, is the tangent vector of 9Q at ¢,

2

B a curve path : [0, 7] — R?
followed by the agent until present time ¢

Single robot estimate update law

Rule #2 When and how to optimize the interpolation point
After the projection of guxs, guse—1 is re-placed to balance its
pseudodistance to neighboring interpolation points. Specifically, define
cyclic-balance : (R?)® x C(R?) — R? by
cyclic-balance(gaxs—2: Guxs—1; Goxe; Path) = ¢ s.t.
o3 1

Da(Gnxt-2,0") = DA (axe 21 Guxe—1) + 7PN (daxe-1, Gaxt)

In this way,

Gaxe—1 = cyclic-balance(quxt—2, Guxe -1, foxe, Path)

h
e -
T G

Single robot estimate update law

Rules for processor update — Informal description
» Rule #1 When and how to project gy onto 9Q
Let gax: be the point to be projected and vy its tangent
The projection takes place when the agent crosses the line, denoted by
lineuy, that passes through gux and is perpendicular to vae. At this
crossing time g, € path, is the point on path where the agent
trajectory crosses the line linene

[ e

We write
Uaxe = PEXP=PrOj(duxs, Vaxs, path).

Single robot estimate update law

The optimal placement g, _, can be equivalently defined by

1 3
Da(Gare—1: Grxe) = DA (Gnre—2: Guxe1) + 3 DA (w1 Gowe)

so that it achieves the balancing property that
Da(ner—2:Guxe—1)| _ 1 [3 1] [DA(Gnxt—2, Guxe 1)
DA(Goee 1+ ) 4 (1 3] [ Da(duxe—1:Goxe)
Finally, a last useful operation

v := tangentat(path, ¢).




Single robot estimate update law

Formal Single-Robot Estimate Update Law description

Robot: single robot moving at constant speed along 9Q,
continuously recording its trajectory

Event-driven Algorithm: SINGLE-ROBOT ESTIMATE UPDATE LAw

Processor State: w = (nxt, {(qa,va)}a"y. path), where

nxt €{1,...,ny}, initially equal to index of the inter-
polation point closest to robot mov-
ing counterclockwise
{4 va)}o2y C B x B2, initially counterclockwise along boundary
path € C(R?), continuously recording agent’s trajectory
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Single robot estimate update law

% A state transition is triggered when the agent crosses a certain line
function stf-trig(p, w)
. lineyy, := line through point gy perpendicular to direction vy
. if p € liney, then
return true
: else
return false

% The current interpolation point and tangent vector are projected and
the previous interpolation point is optimized along the new boundary
function stf(p, w)
1 ((q”' DhaZ o) o
: Perp-proj(gat, Vs, path)
yelic-balance(qus—2, daxe—1, Gis: Path)
:= tangentat(path, g;,:)
angentat(path. ¢, ;)
6: return (nxt + 1, {(¢},v})}L". path)

a=1°

operative estimate update law

Informal description
Parallel version of the SINGLE-ROBOT ESTIMATE UPDATE Law:
 cach agent updates its boundary representation separately
m every time an agent updates two interpolation points, this agent
transmits these to its neighbors
= In turn, the neighbors record the updates in their individual
boundary representation
Agents must satisfy the two-hop separation rule

A group of n > 2 agents is
two-hop separated along the interpolation points
if nxtli 1 < nxtll — 2 for all i € I at all times




yperative estimate update law rative estimate update law

%A transmission is triggered right after the interpolation points are
updated
L ) ) . function msg-trig(p, w)
Formal description of the cooperative estimate update law N
1: return stf-trig(p, w)
Robotic Network: Spndry, assume agents
with absolute sensing of own position, communicating
with clockwise and counterclockwise neighbors
Event-driven Algorithm: COOPERATIVE ESTIMATE UPDATE LAw
. — 2)2 2)2
Alphabet: A = {1,....mp} x (R?)? x (R?)?U{null} % The received updated interpolation points are stored
Processor State, function stf-trig, and function stf function msg-rec(p, w, y, i)
(o 1 e
1A v)e = {(Ges va) ot
- (nxtrec,yn.y2) ==y

% The updated interpolation points (and reference label) are t
function msg-gen(p, w, i)
1: return (nxt, (Gage—1, Vnze—1)s (Gaxe—2; Vnxe—2))

same as in SINGLE-ROBOT ESTIMATE UPDATE Law

+ )
(dgeerec—1 Vagorec—1

4 (daxeroc—2 Vaxtrec—2) = U2
: return (nxt, {(¢f,v})}n",, path)

Outline clic balancing algorithm for agent equidistance law

Motion control law for each agent

Intro to boundary estimation Suppose agent i € I is at position pli} moving

| o in continuous time with speed vl along 9Q. Then,

Event-driven control and communication laws

il — i) fi+1 i-1] i

. ) . 0l = 14 Fprop (L1, plY) — £l 1, ply),

Interpolations of planar boundaries by inscribed polygons

/ o where kprop € Rg is a fixed control gain.

Network model and boundary estimation task

m Single-robot estimate update law

u Cooperative estimate update law To enforce the constraint v € [~Umin: Vmax), We introduce

m Cyclic balancing algorithm for agent equidistance law

ol = sat

v

o] (1 Forop (£, p7 1) = £ 1))

Simulations

where

Proof of correctness a, if v <a,

satp ) (7) = { 2, if x € [a,b],
b

Summary !
if x> b.




ic balancing algorithm for agent equidistance law Outline

Approximation of Intro to boundary estimation

the counterclockwise arc-length distance between robots
Bl Event-driven control and communication laws
Given {q1,...qn;, } and r1, 12 € 0Q, let the indices [r1] and [ro] of the Interpolations of planar boundaries by inscribed polygons
counterclockwise-closest interpolation points from ry, r2, respectively.
e Network model and boundary estimation task
ol ;

u Single-robot estimate update law

L(r1,72) = L1, qp) + Y L(das Gast) + L) -1,72) )  Cooperative estimate update law
a=lnl u Cyclic balancing algorithm for agent equidistance law
[r2]—2
e dista(r, gpr) + Y dista(Gao Gat1) + dista(gp)-1,72). (2) Simulations

a={n]

@ Proof of correctness
Both (1) or (2) approximations may be possible,

depending on info available Summary

Simulations Outline
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of the estimate updt and cyclic blncg law

On the network Spuary. along evolutions with the two-hop property,

the ESTIMATE UPDATE AND BALANCING LAW achieves the
boundary estimation task Toinary and the agent equidistance task
Te-cqastne for any € € R if the boundary is time-independent, and

B the APPROXIMATE ESTIMATE AND BALANCING LAW achieves the
boundary estimation task Topnary and the agent equidistance task
T.-eqdsine for some & € Rwq if the boundary varies in a
continuously differentiable way and sufficiently slowly with time,
and its length is upper bounded.

Proofs — Time-invariant boundary

Denote D = Da(a},at,,), for a € {1,...,mp}
For nxt € {1,...,mip}, define Ay, € R™2Xmn by

3/4, if (j.k) equals (nxt — 1,nxt — 1) or (nxt — 2,nxt — 2),
(Ange)ji = S 1/4, if (. k) or (j, k) equals (nxt — 1,nxt — 2),

djr,  otherwise
Define a graph Gy

over {1,...,njp}, with the single edge (nxt — 1,nxt — 2)

In summary, the matrix A determines the change of state
Dt = Apyee D when a projection-and-placement event takes place with
counter nxt and its associated graph is Gupye.

Proofs — Time-invariant bound:

Let us focus on Zc_pnary in two cases:
» Time-invariant boundaries and no approximations
w Time-varying boundaries and approximations

That is, we need to show that
D@Ly, ) = Da(all )| < =,

ant boundaries,
suppose that path is exact and there are no other approximations

For time-inv

Consider Dy = D(¢asgat1)s @ € {1,....mip}, and
D= (Dy.....Dy,) € RU. A single robot changes D as

Duxe—2| " _1[3 1] [Duxe—2
Due-1| 4 [1 3] [Dawes

Proofs — Time-invariant boundary

Let € be the time marking a projection-and-placement event. Then,

D(l) = Aue(oD(( = 1),  £>1

Observe that
B Ay is non-degenerate, symmetric and doubly stochastic
8 Uy 3¢ Gagy(r) Is connected

Thus,
lim Da(l) = — ZD (©) = Llength(0Q)
Jim Du(0)= 15D (0) = Lt

Reasoning can be extended to multiple agents with two hop condition




Proofs — Time-varying boundary

Consider now time-varying boundaries, ¢ - dQ(t), such that:
u length(9Q(t)) is uniformly bounded for all ¢
& The boundary 9Q() is smooth for all ¢

= No other approximations take place; e.g. no distance approx

Observe that now:
m The state trajectory D : Rsg — R™» will be time-varying

m We redefine D,, to measure pseudodistance between
interpolation points along path

The bound on length(8Q) guarantees finite time between two updates

Proofs — Time-varying boundary

Since Apgy(e) is doubly stochastic, the update law for d is
d(f) = Apgend(f = 1) +u(f), (€N,

where u(¢) = U(¢) - 217 U(0)1,,,

(correct for one or several robots with two-hop property)

Our task is satisfied if equivalently d ~ 0. Tn simulation,

Proofs — Time-varying boundary

Let ¢ mark the projection-and-update event times
‘We model the time-varying boundary effect as

D) = Agea(o (DU~ 1) +U(0)),
here U is a disturbance such that:

u Its non-zero entries are the (nxt(¢) — 1)™ and (nxt(f) — 2)"
u it vanishes at the rate of change of the boundary

Now define the disagrecment vector £ — d(¢) € span{l,,,, }* by

17, D(0)
d(f) = D) — ="

Proofs — Time-varying boundary

A subsequience of d(¢) will help us conclude the result
Define ¢, € N, for k € N,
& ¢ =1, and assume agent 1 executes the first
projection-and-placement event with index nxt(1),
m {}, > 2 be the k-th time when agent 1 does the
projection-and-placement event with the same index nxt(1)
It can be seen that £ — £_1 < 2n
Define now A, € R™»>™», for k € N, by A(1) = Apge(r). Then

A(l) = Aneo(ey) * Ancr(t_y+2) Anca(t_y41)s  for k>2,

where A(£) is doubly stochastic and irreducible




Proofs — Time-varying boundary

Now we can rewritte

Ly
A(l) = AW)A(Ge-1) + Y Awe(en)  Aneegernyu(l)

=141
= A(lr)d(l-1) + B(lr)ustackea (k).
where Ugtacked () contains all vectors u(fy—1 +1),...,u(f)

Let’s prove the system is Input-to-State (ISS) stable
Candidate 1SS-Lyapunov function for z(¢ + 1) = f(z(£), u(£)) is

m V is continuously differentiable

= Jay, 02 € Koot an([lall2) < V() < ax(l|z]l2)

m Jaz € Ko and 0 € K with

V(f(z,u)) = V(z) < —as(z[l2) + o(]lull2)

Proofs — Time-varying boundary

Let A, be any of the A((x)
Define the set of nonzero eigenvalues of A, by

S, = {Ae R det (M, — (ATA, = L,)) = 0}\ {0}

and take 7 = mingmin{|| | A € S,}. Note that 7 > 0.
We can then write

V(d(t +1)) = V(d(f) < —as(d(e)]) + o
where as(||d])) = $7/|d[* and o(|[ustackeall) = (2 + 1) ustacked|*-

Thus the system defined on d(£) is input-to-state stable
The input-to-state stability implies 3¢ > 0 so that To_pnary is satisfied

Proofs — Time-varying boundary

Take V : R"» — Rsq by V() z
V verifies the first two conditions to be and ISS-Lyapunov function

For the last one, compute

V(d(tr1)) = V(d(4)) = —d(6) " R(4:)d (L)
W et () Ustactea () + 205 geiea () A1) (4),

Here, R((x) = I, — A((x)T A(Ly) is positive semidefinite,
0 is a simple eigenvalue associated with 1,

Tn this way, —27 R((;)a is strictly negative for all # & span{1,, }*

Summary

This chapter presents a detailed treatment of a boundary estimation
problem based on:

= A new model of event-driven robotic network

= Linear interpolation theory

 Consensus and ISS stability theory

Comments
= Possible extensions to e.g. include model of changing boundary
= Inner-outer algorithms leading to critical inscribed /circumscribed
polygons
= Boundary patrolling with “bouncing beads”

= Similar interpolation ideas for distributed “field estimation”
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