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Direction agreement and equidistance

Problem (Direction agreement &
equidistance)

Assume agents move in. circle according to first-order
integrator dynamics. Some move clockwise, others
counterclockwise

Agents talk to other agents within distance r

Network size is un-

Objective: agree on a common direction of motion
known to agents

and uniformly deploy over circle

Summary introduction

@ Model for robotic networks that communicate and process information at
discrete time instants, and move in continuous time

@ Draw analogies with treatment on distributed algorithms for synchronous
networks in previous lecture

@ Special attention to spatial component — proximity graphs

o Hlustrate complexity notions in simple agree-and-pursue example

The agree-and-pursue algorithm

To solve the direction agreement and equidistance problem, each agent
@ sets max UID received so far to its own UID

o initially transmits its direction of motion and UID to neighbors

e at each communication round: listens to messages from other agents
and compares the received UIDs from agents moving toward its position
with its own UID. If max UID is larger than own UID, resets UID and
direction of motion

o between communication rounds: moves kprop € (0,1/2) times the
distance to the immediately next neighbor in chosen direction, or, if no
neighbors, kprop times communication range r




The agr

e-and-pursue algorithm — cont

The agree-and-pursue algorithm solves the direction agreement and

equidistance problem on a circle
o all agents agree on a common direction of motion — either clockwise or
counterclockwise

@ network asymptotically achieves uniform, equally-spaced rotating
configuration

New issues arise when considering robotic networks
o As agents move, interconnection topology changes (e.g., network might be
disconnected, and then leader election would not work)
o Tasks might not be achieved exactly, but asymptotically (e.g., equidistance)
o Need to rethink model and notions of complexity to account for
spatial component

Examples of proximity graphs
On (RY, disty), (S% dist,), or (R x S%, (disty, dist,))
O the r-disk graph Ga(r), for r € Ruo, with (pi, p;) € Egu(r(P) if
dist(pi,p;) <7
@ the Delaunay graph Gp, with (pi, p;) € €6, (P) it Vi(P) N V;(P) # 0
@ the r-limited Delaunay graph Gup(r), for r € Rso, with
(1isP)) € Egun(r)(P) if Vis(P)NV;2(P) # 0 [~ oenaicion ]
@ the relative neighborhood graph Gry, with (p;,p;) € Egux (P) if
P & B(pi, dist(pi. p;)) N B(p;. dist(pi. p;)) for all p € P

phs model interconnection topolog

Proximity graph
graph whose vertex set is a set of distinct points and
whose edge set is a function of the relative locations of the point set

Appear in computational geometry and topology control of wireless networks

Definition (Proximity graph)

Let X be a d-dimensional space chosen among R, §¢, and R x §%, with

dy +dy = d. Let G(X) be the set of all undirected graphs whose vertex set is an
element of F(X) (finite subsets of X)

A prozimity graph G : F(X) — G(X) associates to P = {py,..
undirected graph with vertex set P and edge set

&(P) S {(p.9) €P xP|p#a}

..Pn} C X an

More examples of proximity graphs on Euclidean

@ the Gabricl graph Ge, with (pi, p;) € E64(P) if pi. ¢ B(Lte, EMpera)y gor
allp, € P

@ the Euclidean minimum spanning tree G
minimum-weight spanning tree of the complete weighted digraph

sMsT, that assigns to each P a

(P.{(p.a) € P x P | p# q}, A), with weighted adj
ayy =lpi = pjll2, for i, j € {1

@ given a simple polygon Q in R?, the visibility graph Gy, with
(Pis15) € gy, (P) if the closed segment [p;, p;] from p; to p; is contained
inQ

ency matrix

Gaisk(r)

GenisT




Set of neighbors map

For proximity graph G, p € X, and P = {p1,...,p,} € F(X)

associate set of neighbors map Ng, : F(X) — F(X)

Nop(P) ={a € P [ (p.q) € E(PUiph)}

Typically, p is a point in P, but this works for any p € X

When does a progimity graph provide sufficient information to
compute another prozimity graph?

Inclusion relationships among proximity graphs

Theorem

For r € Rxo, the following statements hold:
Q@ Gemst C Gry C Ga C Op;
9 G NGaisk(r) € Gup(r) € Gp NGaisk(r)

@ GrnNGaisk(r), Ga NGaisk(r), and Gup(r) are spatially distributed over
Gaisk()

The inclusion G (r) € Go N Gaisk(r) is in general strict

Since Geasr is by definition connected, (1) implies that Grx, Gg and Gp are
connected

Spatially distributed gr

E.g., if a node knows position of its neighbors in the complete graph, then it
can compute its neighbors with respect to any proximity graph
Formally, given G, and G,,

Q@ Gy is a subgraph of Gy, denoted Gy C G, if Gy(P) is a subgraph of Go(P)
for all P € F(X)

@ G, is spatially distributed over G, if, for all p € P,
No,p(P) = No,p (Na.n(P))

any node equipped with the location of its neighbors with respect
to G» can compute its set of neighbors with respect to Gy

> Tilusiration

Gy spatially distributed over G» == G, C G,
Converse not true: Gp N Gaisk(7) C Gaisk, but Gp N Gaisk(r) not spatially
distributed over Guigk(r)

/ity properties of Gais(r)

Theorem
For v € R, the following statements hold:
@ Genst C Gaisk(r) if and only if Gaia(r) is connected;
© Gunist N Gaisk(r), Grx NGaisk(r), G NGaisk(r) and Gup(r) have the same
connected components as Gaisk(r) (i.e., for all point sets P € F(R?), all

graphs have the same number of connected components consisting of the
same vertices).




Spatially distributed ma

Given a set Y and a proximity graph G, a map 7': X — Y™ is spatially
distributed over G if 3amap T : X x F(X) — Y such that for all
(P1---vpn) € X™ and for all j € {1,...,n},

)= T3 No, (1. pa)),

where T} denotes the jth-component of T

Equivalently,

the jth component of a spatially distributed map at (py,...,p.) can be
computed with the knowledge of the vertex p; and the neighboring
wvertices in the undirected graph G(P)

nchronous robotic network

network)

The physical components of a uniform robotic network S consist of a tuple
(I, R, Ecm), where

@ I ={1,...,n}; I is called the set of unique identifiers (UIDs);

@ R ={Rll};c; = {(X,U, Xo, f)}ier is a set of mobile robots;

@ Eomm is a map from X" to the subsets of I x I; this map is called the
communication edge map.

Map @ (I, By (%)) models topology of the communication service among
robots — proximity graph induced by network capabilities

Group of robots with the ability to ex-
change messages, perform local compu-
tations, and control motion

Mobile robot: continuous-time continuous-space dynamical system,

@ X is d-dimensional space chosen among R?, S?, and the Cartesian products
R% x §% for some di + da = d, called the state space;

@ U is a compact subset of R™ containing 0, called the input space;

@ X is a subset of X, called the set of allowable initial states;

@ [:X x U — R%is a smooth control vector field on X

couple of examples

Locally-connected first-order robots in R%: Sgisi
n points #1U, ... 2l in RY, d > 1, obeying @l(t) = ull(t), with
ull € [~tyax. Umax]. These are identical robots of the form

(R, [~ tmax, umax]”, R, (0, €1, ... €4))
Each robot can communicate to other robots within r, Gaigk(r) on R?
Locally-connected first-order robots in S' Serce

n robots 1, 01" in §', moving along on the unit circle with angular
velocity equal to the control input. Each robot is described by

(S, [~ tmas: tmas), S, (0, €))

(e describes unit-speed counterclockwise rotation). Each robot can
communicate to other robots within r along the circle, Gyig(r) on S*




Uniform control and communication law

@ communication schedule = {te}eezsy C Rxo
@ communication alphabet A including the null message

@ processor state space W, with initial allowable W}

@ message-generation function msg: Zoo X X x W x T — L
@ state-transition functions stf: X x W x L' — W

@ control function ctl:Zzogx X x W x L" - U

discrete-time computation
continuous-time motion

Tt
anirecae
Execution:  discrete-time communication .

Hovo - o

Evolution of a robotic network mal definition

Evolution of (S,CC) from a}! € X and u,'([i] e Wil i€ I, s the collection of
Ml ier

curves 2l : Rg — XU and wll : Zzo — W
() = £ (a81(), et (1, 2 [21), w(11)), 57(1£)))).
where [t] = max{{ € Zo | { < t}, and
wll(0) = st (2l1(0), wl (¢ - 1), y¥(0)),
with 201(0) = 2, and wlil(~1) = wll, i e 1

Here, ) : Z>o — A™ (describing the messages received by processor i) has

components y(¢), for j € I, given by

Wy fmsgl@B(0), wbl(¢ —1).4), if (j.) € Bomm (21(0), ... 21(0))
v (0) = )
null, otherwise

The agree-and-pursue algorithm — formally

Alphabet: A =8 x {c,cc} x U{null}

Processor State: w = (dir,max-id), where
dir €{c,cc}, initially:  dirl) unspecified
max-id €1, initially:  max-idl) = for all i

function msg(f,w, i)
1: return (6, w)
function stf(w,y)
1: for each non-null message (frevd, (dif cvd, Max-idreyg)) do
2 if (max-id;cya > max-id) AND (distec(f,0cva) < 7 AND dirycyq = c) OR
(distc(6, Orcva) < 7 AND dirpyg = cc) then
direa
4: max-idcyd
5: return (new-dir, new-id)
function ctl(Gsmpta, w, y)
15 dymp =1
2: for each non-null message (0revd, (diTrcvd, max-idreva)) do
3:if (dir = cc) AND (distee(fsmpld: freva) < dimp) then
dimnp := distec(Osmpld: Oreva) and utmp = Kpropdimp (kprop € (0,3))
if (dir = ¢) AND (distc(0smpld; Oreva) < dimp) then
6: dunp = diste(fmpld: freva) and wump = —kpropdimp
T: return ugmp

Processor state set and alphabet quantization

We allow the processor state set and the communication alphabet to contain an
infinite number of symbols — equivalently, we neglect inaccuracies due to
quantization

“onvenient to allow messages to contain real numbers because, in many control
and communication laws, the robots exchange their states, including both their
processor and their physical states

For such laws, communication alphabet A = (X x W) U{nul1}; and message
generation function msgy (2, w, j) = (z,w) is standard message-generation
function




Robotic networks with relative sensing

Model assumes ability of each robot to know its own absolute position
Alternative setting: robots do not communicate amongst themselves, but
instead

o detect and measure each other’s relative position through appropriate
sensors

o perform measurements of the environment without having a priory
knowledge

Robots do not have the ability to perform measurements expressed in a
common reference frame

ical components

n robots moving in @ € RY, d € {2,3}

Reference frame Tl attached to each
robot, fori € {1,...,n}

Motion: Constant REL ; and own control ul?l (€ U compact)
Hheat) = Bflqul?

Sensing: relative position of any object inside “sensor footprint”

Kinematic motions

No common reference frame

Ghxed ™

On Euclidean space R?, for a point ¢ and a vector v,

Gfixed = Rxeads + Phvea

b
Ufixed = RxedVb

/€ Sensing

Sensing other robots’ positions: sensing alphabet Ay, (containing null)
and sensing function rbt-sns : R — A, Robot i acquires

A\ i)

Sensing the environment: environment sensing alphabet Aeyy (containing
null) and environment sensing function env- P(R?) — Acny. Robot i
acquires env-sns(Q;) € Aeny

rht-sns(p¥)) € A, € {1,

No information about robots/boundaries outside sensor footprint S,[‘]




A couple of examples

Disk sensor and corresponding relative-sensing network: Sf

o Disk sensor has sensor footprint B(04, )

o Ay = R?U{null} and

P71 if robot j in B(0u,7)
null otherwise

rht-sus(pl!) = {

0 Aeny = P(R?) and env-sns(Q;) = Q; N B(04,7)
Range-limited visibility sensor and corresponding relative-sensing
network: ST, i
o Range-limited visibility sensor has sensor footprint B(0g4,r), performs
measurements of objects with unobstructed line of sight
o Ay = R?U{null} and

W if robot j in Viaok(02; Q1)
null otherwise

rht-sns(pll) = {

0 Aeny = P(R?) and env-sns(Q;) = Vidisk(02; Qi)
Coordination tasks

What is a coordination task for a robotic network? When does a control and
communication law achieve a task? And with what time, space, and
communication complexity?

A coordination task for a robotic network S is a map
T: X" x W" = {true, false}
Logic-based: agree, synchronize, form a team, elect a leader
Motion: deploy, gather, flock, reach pattern
Sensor-based: search, estimate, identify, track, map

A control and communication law CC achieves the task 7 if, for all initial
conditions ! € XIT and wll € Wi, i € I, the corresponding network
evolution ¢ — (x(t), w(t)) has the property that there exists 7' € R~ such that
T(a(t), w(t)) = true for all ¢ > T

sensing control law

Relative-sensing control law RSC for 8™ consists of
Q@ W, called the processor state set, with corresponding set of allowable initial
values Wo C W;
Q stf: W x Al X Acny — W, called the (processor) state-transition function;
and
@ ctl: W x A%, X Ay — U, called the (motion) control function.

Equivalence can be established between invariant control and
communication laws and relative-sensing control laws juivalent evolutions

Task definitions via temporal logic

Loosely speaking, achieving a task means obtaining and maintaining a specified
pattern in the robot physical or processor state

In other words, the task is achieved if at some time and for all subsequent
times the predicate evaluates to true along em trajectories

More general tasks based on more expressive predicates on trajectories can be
defined through temporal and propositional logic, e.g.

periodically visiting a desired set of configurations




ion agreement and equidistance

Direction agreement task Za;, : (S')" x W™ — {true, false}

true, if dirll =... = qirl"
Tasr (0, w) =
ae(0:10) {false‘ otherwise

> 0, equidistance task T.cqdstne : (S')" — {true, false} is true iff

| m;n dist. (01, L)
oy

— mindistec (017, 0)] < e, foralliel
J#

More formally: time complexit

The time complexity to achieve 7 with CC from

(w0, wo) € TLicy XU x [, Wi is
TC(T,CC. w0, wo) = inf {¢ | T(w(ty), w(ty)) = true, for all k >},

where ¢ — (z(t), w(t)) is the evolution of (S,CC) from the initial condition
(w0, wo)

The time complexity to achieve 7 with CC is

TC(T,CC) = sup {TC(T,CC.J,o.urn (w0, wo)

HXH % lezl}

il i€l
The time complexity of Tis

TC(T) = inf{TC(T,CC) | CC compatible with T}

7 notions for control and communication laws

For network S, task 7; and algorithm CC, define costs/complexity
control effort, communication packets, computational cost

Time complexity: maximum number of communication rounds required to
achieve T

Space complexity: maximum number of basic memory units required by a
robot processor among all robots

Communication complexity: maximum number of basic messages transmitted
over entire network

(among all allowable initial physical and pro-
cessor states until termination)

basic memory unit/message contain log(n) bits

More formally: communication compl

The set of all non-null messages generated during one communication round
from network state (z, w)

M) = {(5.3) € Ben(2) | msel(al 08, j) # m1).

The mean communication complexity and the total communication
complexity to achieve T with CC from (o, wo) € [T,e; X x TT;c; W7 are,
A-1
MCC(T. CC, o, wo) - Z ().

A1
TCC(T.CC, w0, wo) = |Alpasic M(2(0), w(l))|,
=0

where |Alpasic is number of basic messages required to represent elements of A
and A = TC(CC, 7, xp. wo)




Variations and
Asymptotic results
Complexities in O(f(n)), Q(f(n)), or O((n)) as n — oo

@ Infinite-horizon mean communication complexit;
cc ication complexity to true the task for all times

IH-MCC(CC., o, wo)

- A—+oo

Albasic &
lim “%Z\M(m(ﬂ).u-([’))\
=0
@ Communication complexity in omnidi tional networks: All
neighbors of a to receive the signal it transmits. Makes sense to count the
number of trans ons, i.e., a unit cost per node, rather than a unit cost
per edge of the network

@ Energy complexity

@ Expected notions, rather than worst-case notions

Proof sketch - O bound for 7g;,

Claim: TC(Zasr, CCacner & punsvr) < 27/ (kpropr(n))

By contradiction, assume there s initial condition such that execution has

time complexity > 21/(kpropr(n))
Without loss of generality, dirl™(0) = c. For £ < 21 /(kpropr(n)), let

k(£) = argmin{distcc(61"1(0), 81(¢)) | airll(¢) = cc, i € I}
Agent k(() is agent moving counterclockwise that has smallest counterclockwise
distance from the initial position of agent n
Recall that according to CCygree & pursve
e messages with dir = cc can only travel counterclockwise
@ messages with dir = ¢ can only travel clockwise

Therefore, position of agent k(€) at time £ can only belong to the
counterclockwise interval from the position of agent k(0) at time 0 to the
position of agent n at time 0

Time complexity of agree-and-pursue law

Let 7 : N — ]0,2x[ be a monotone non-increasing function of number of agents
n — modeling wireless communication congestion

Theorem
In the limit as n — +00 and & — 0T, the network Scircie, the law
CChcre & pursue, and the tasks Tasr and Tocqdsine together satisfy:
© TC(Tasr, CCxcnes & runsue) € O(r(n) ™);
@ if 8(n) = nr(n) — 27 is lower bounded by a positive constant as n — 400,
then
TC(Tz-cqdstnes CCacnee & punsue) € Q(n? log(ne) ™),
TC(Tz-cqdstne: Cacne & punsue) € O(n? log(ne™1)).

If §(n) is lower bounded by a negative constant, then CCcrer & pursve does
not achieve Tc_oqastnc in general.

bof sketch - O 1

fast the message from

For £ < 21/ (kpropr(n)), define
j(6) = argmax{dist.(01"(0), 01 (¢)) | max-1dll(¢) = n, i € I}

Agent j(€)
o has max-id equal to 1
o is moving clockwise

and is the agent furthest from the initial position of agent n in the clockwise
direction with these two properties

Initially, j(0) = n. Additionally, for ¢ < 21/ (kpropr(n)), we claim

distc (0UO)(0), UHDN(0 4 1)) > kpropr(n)




Proof sketch - O bound for Zg;,

TC(Taix, CCacrex & punsu) < 27/ (Kpropr (1))

This happens because either (1) there is no agent clockwise-ahead of §U(9](¢)
within clockwise distance 7 and, therefore, the claim is obvious, or (2) there are
such agents. In case (2), let m denote the agent whose clockwise distance to
agent j(£) is maximal within the set of agents with clockwise distance 7 from
ALN(¢). Then,
dist (00N (), U0 4 1))

= dist. (0VO)(¢), 007 (¢ + 1))

= disto(0UD)(0). 00" (0)) + disto (611 (0), 01" (0 + 1))

> distc (0UVOV(0), 00 (£)) + Kprop (1 — distc(0V)(0), 01 (0)))

= Kprop” + (1 — kprop) diste(09E1(0), 0171(0)) > Kpropr

Therefore, after 27/ (kpropr(n)) communication rounds, the message with
max-id = n has traveled the whole circle in the clockwise direction, and must

therefore have reached agent k(f) Contradiction

Proof sketch- O bound for 7:_cqdstnc

Number of connected components is strictly decreasing

Claim: if ng () > 0, then 3t > ¢ such that ny(t) < ng(l)

By contradiction, assume ng(£) = ng(t) for all t > . Without loss of
generality, let {1,....m} be a set of agents with the properties

o distec (011(0), 00+1(0)) <, fori € {1,....m}

o l(¢) and 6I"(¢) belong to the boundary of H(f)

o there is no other set with the same properties and more agents

One can show that, for 7 > ¢ and i € {2,...,m}

oM(r + 1) = ol(7) —
Ol(7 + 1) = gl(r) —

KpropT

Eprop diste(01(7), 06~ 1(7))

Proof sketch - O bound for 7-_cqdstnc

Assume 743, has been achieved and all agents are moving clockwise
At time € Zso, let H(£) be the union of all the empty “circular segments” of
length at least r,

H(l)={zres'| min distc(, 011(0)) + mir)distcc(z,()[’]u)) >}
i€ JE

H(¢) does not contain any point between two agents separated by a distance
less than r, and each connected component has length at least

Let ng(£) be number of connected components of H(¢),
o if H(/) is empty, then ny(f) =0
e ny(f)<n
o if ny(f) > 0, then t — ny (¢ +t) is non-increasing

Tridiagonal and circulant linear dynamical systems

Tridn (a, b, . Circn(a, b, ¢

Linear dynamical systems

y(l+1) = Ay(l), (e€Zxo
Rates of convergence to set of equilibria can be characterized — carefully
look at eigenvalues. Statements of the form
L[(l >0,¢20,b>0, anda+b+c=1, then limy_ .o Y(£) = yavel, where
= L17y,, and mazimum time required (over all initial conditions yo € R™)
for Hy(é) ~ yavelllz < €llyo — yavelll2 is ©(n?loge!)




Proof sketch- O bound for 7;_cqdstnc

Contradiction argument,

For d(r) = (diste.(01)(7). 6P (7)),....

dir+1)=

distec (607 1(r), 007 (1)),

Tridyn—1(Fprops L = Kprops 0) d(7) + rlkprop, 0, -+, 0]

Unique equilibrium point is 7(L,...,1). For ny € ]0,1[, 7 — d() reaches ball of
radius n; centered at equilibrium in O(m logm + log ;')

This implies that 7+ 30", d;(7) is larger than (m — 1)(r — n1) in time
O(mlogm + log ;') = O(nlogn + logn; *). After this time,

(L)
2 > np(Or+ Y (r—m)(m; — 1)
=

= nu(O)r+ (n=nu()(r=m) = na(Om +n(r—m)

ommunication complexity of agree-and-pu

Theorem
Total I of agre d-pursue law In the limit as

n — +oo and e — 0%, fh;- network Seircle, the law CCagrux & pursve, and the
tasks Tase and To-cqasme together satisfy:

@ if 6(n) > w(1/kprop — 2) as n — +oo, then

TCCuridir(Taszs CCacner & runsue) € ©(n?r(n) ),
otherwise if 5(n) < w(1/kprop — 2) as n — +o0, then
TCCunicir(Tases CCncner & vunsue) € n® +nr(n) ™),
TCCunidir(Tas CCacnee & runsr) € O(n?r(n)™1);
@ if d(n) is lower bounded by a positive constant as n — +oo, then
TCCounidir(Te-cqstne: Coxaner & mmsur) € n?6(n) log(ne) ™),
TCCunidie(Te-cqustnes Coranem & runsur )€ O(n’ log(ne™)).

Proof sketch- O bound for 7. cqdstne
Take 7 = (nr — 27)n~" = 6(n)n"", and the contradiction follows from
21 > nyg(O)m + nr — nip

= n (O +nr+ 21 — nr = ng (O + 2r

Therefore ny(£) decreases by one in time O(n log )

Tterating this argument n times, in time O(n? logn) the set H becomes empty.
At that time, resulting network obeys

d(7 + 1) = Circ,(kprop: 1 = kprop, 0) d(7)

Tn time O(n?loge s the contraction inequality

lld() — d.|, < <[ld(0)

1), the error 2-norm satis
—d.||p. for d, = 21
The conversion of this inequality into an appropriate inequality on oc-norms
yields the result

Comparison with leader election

o Leader election task is different from, but closely related to, Tgir

o LCR algorithm operates on a static ring network, and achieves leader
election with time and total communication complexity, respectively, ©(n)
and ©(n?)
Agree-and-pursue law operates on robotic network with r(n)-disk
communication topology, and achieves Zg;; with time and total

O(r(n) ) and O(n?r(n)~1)

communication complexity, respectively,

If wireless communication congestion is modeled by r(n) of order 1/n, then
identical time complexity and the LCR algorithm has better communication
complexity

Computations on a possibly disconnected, dynamic network are more complex
than on a static ring topology
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noi partitions r-limited Voronoi partition

Let (p1,...,pn) € Q" denote the positions of n points Let (p1....,pn) € Q" denote the positions of n points

The Voronoi partition V(P) = {Vi, ..., V,} generated by (py,...,pn)
The r-limited Voronoi partition V,(P) =
Vi={a€ Q| la—pill <llg—psll, ¥j #1i} {Virsooos Vi) generated by (pr ..., pn)

=Qn; HP(pivp;)  where HP(pj, p;) is half plane (py, p;) Vr(P) = Vi(P) " T}

Gup(r) is spatially distributed over

Gaisk(r)
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Gp and Gp N Gaisk(r) computation

o Gp N Gaisk(r)

Gp and Gp N Gai(r) are not spatially distributed over Gaju(r)




